Abstract-Based on published data, we have assembled a sample of 88 radio stars for which there are both trigonometric parallax and proper motion measurements in the Gaia DR2 catalogue and VLBI measurements. A new estimate of the systematic offset between the optical and radio frames has been obtained by analyzing the GaiaDR2-VLBI trigonometric parallax differences: ∆π = −0.038 ± 0.046 mas (with a dispersion of 0.156 mas). This means that the Gaia DR2 parallaxes should be increased by this correction. The parallax scale factor is shown to be always very close to unity within ∼3 kpc of the Sun: b = 1.002 ± 0.007. Our analysis of the proper motion differences for the radio stars based on the model of solidbody mutual rotation has revealed no rotation components differing significantly from zero: (ω x , ω y , ω z ) = (−0.14, 0.03, −0.33) ± (0.15, 0.22, 0.16) mas yr −1 .
INTRODUCTION
Highly accurate stellar parallaxes are required to solve many stellar-astronomy problems. The trigonometric parallaxes are among the most reliable ones. However, it is necessary to check and eliminate the possible systematic offsets before using even the most reliable data.
The first data release of the Gaia space experiment was published in September 2016 (Prusti et al. 2016; Brown et al. 2016 ). The second data release of this experiment, Gaia DR2, appeared in April 2018 (Brown et al. 2018 ). This catalogue contains the trigonometric parallaxes and proper motions of ∼1.7 billion stars. The derivation of their values is based on the orbital observations performed over 22 months. The mean errors of the trigonometric parallax and both stellar proper motion components in this catalogue depend on the magnitude. For example, for bright stars (G < 15 m ) the parallax errors lie within the range 0.04-0.02 milliarcseconds (mas), while for faint stars (G = 20 m ) they are about 0.7 mas. pointed out the presence of a possible systematic offset ∆π = −0.029 mas in the Gaia DR2 parallaxes with respect to the inertial reference frame. At present, there are several reliable distance scales a comparison with which allows, in the opinion of their authors, the systematics of the Gaia trigonometric parallaxes to be checked. Stassun and Torres (2016) found quite a significant mean offset ∆π = −0.25±0.05 mas of the Gaia DR1 trigonometric parallaxes with respect to the parallaxes of a calibration sample of eclipsing binaries. This result was soon confirmed by other authors based on an analysis of classical Cepheids close to the Sun (Casertano et al. 2017 ), the ground-based parallaxes of the nearest M dwarfs (Jao et al. 2016) , and asteroseismology (Huber et al. 2017) .
Having compared the parallaxes of 89 stars from the Gaia DR2 catalogue and calibration eclipsing binary stars, Stassun and Torres (2018) found a slight offset between the frames ∆π = −0.082 ±0.033 mas. This value is also confirmed by other authors, in particular, when analyzing Cepheids (Riess et al. 2018 ) and asteroseismology .
Therefore, the distances to radio stars determined by very long baseline interferometry (VLBI) are of interest. Here we have in mind the absolute parallaxes that are absolutized during the observations using quasars. At present, the VLBI observations aimed at determining highly accurate trigonometric parallaxes and proper motions of radio sources, in particular, galactic masers, are being performed by several research teams.
The accuracy of astrometric VLBI measurements depends on many factors. For example, estimates of the contributions from the position of a calibration source, the Earth's orientation, the antenna position, and the tropospheric delay for radio sources located at different declinations can be found in Pradel et al. (2006) . Furthermore, the mean VLBI parallax error depends on the observation frequency: the higher the frequency, the smaller this error. As a result, the mean VLBI parallax error in observations at 22.2 GHz is ∼0.01 mas.
The Gaia DR2 catalogue contains the astrometric parameters for more than half a million quasars. This has allowed the optical, kinematically nonrotating Gaia DR2-Celestial Reference Frame (Gaia-CRF2) to be realized. Some of the quasars have accurate VLBI positions, which allows (Mignard et al. 2018 ) the axes of this frame to be aligned with the International Celestial Reference Frame (ICRF) specified by a set of radio sources, for example, ICRF2 or ICRF3 (which is being developed at present). As Mignard et al. (2018) showed, the coordinate axes of the Gaia DR2 catalogue and the ICRF3 prototype are aligned with errors of 20-30 mas, but more accurate values of these errors will be presented after a more detailed study of various errors. Therefore, determining the mutual rotation parameters between the two (optical and radio) frames using the proper motions of radio stars is of interest.
The goal of this paper is to produce a collection of VLBI observations of the absolute parallaxes and proper motions for radio stars common to the Gaia DR2 catalogue based on published data and to use this sample as a calibration one to check the Gaia DR2 distance scale.
DATA
In this paper we collected the VLBI observations of stellar trigonometric parallaxes and proper motions performed and published by various research teams. For example, these include the Japanese VERA (VLBI Exploration of Radio Astrometry) project devoted to the observations of H 2 O masers at 22.2 GHz ) and a number of SiO masers at 43 GHz (Kim et al. 2008 ). Methanol (CH 3 OH) and H 2 O masers are observed in the USA on the VLBA (Reid et al. 2009 ). Similar observations are also performed within the framework of the European VLBI network (Rygl et al. 2010 ). The VLBI observations of radio stars in continuum at 8.4 GHz are also carried out with the same goals (Torres et al. 2012) . Table 1 gives the proper motion and trigonometric parallax differences for 88 stars. The stars have a different evolutionary status. Some of them are very young stars with maser emission (H 2 O and CH 3 OH masers). Asymptotic giant branch stars observed as OH, H 2 O, and SiO masers constitute the other part of the sample. Quite a few sources were observed in continuum. This is true for such objects as pulsars, Wolf-Rayet stars, systems with black holes, and a number of T Tauri stars. In our previous paper (Bobylev 2010) we used 23 radio stars from this list to study the tie-in of the Hipparcos catalogue (1997) to the inertial reference frame. In this paper the list was expanded significantly both through an increase in the number of VLBI observations and owing to a great density of the Gaia DR2 catalogue.
The first column in the table gives the names of the radio stars using which they are easily found in the SIMBAD electronic search system. The second column lists the types of the stars or their spectral types. The next columns provide the proper motion and trigonometric parallax differences. The dispersions of the differences are given for each type of differences. For example, for the proper motions the formula to calculate the dispersions of the differences is as follows:
for the dispersions of the parallax differences the expression is similar in form after an appropriate substitution. There are no parallax differences for eight stars in Table 1 . This is either due to negative parallaxes in the Gaia DR2 catalogue or the absence (for example, for Wolf-Rayet stars) of VLBI measurements. At the same time, we used these eight stars to analyze the proper motion differences. For two stars, RT Vir and FV Boo, there are data only on their VLBI parallax measurements.
It can be seen from Table 1 that several stars have differences that differ significantly from the expected zero. For example, these include the stars R Aqr with ∆µ α cos δ = −9.800 ± 0.632 mas yr −1 , VSSG11 with ∆µ δ = 14.217 ± 0.776 mas yr −1 , or VY CMa with ∆π = −6.772 ± 0.827 mas. Note that the presence of a long tail in the distribution of radio source position differences was established by Petrov and Kovalev (2017) when analyzing a large sample of quasars from the Gaia catalogue with VLBI measurements.
When the optical and radio images of stars are compared, the size and pattern of the radio-emitting region can play an important role. The supergiant S Per can serve as an example of a "good", symmetric radio image. As can be seen from On the other hand, the radio emission can be associated with the jets or vast disk structures surrounding the radio star. In that case, the probability of the appearance of a significant offset when comparing the optical and radio images of a star is great.
Finally, the optical image of a radio star can also be asymmetric. The well-known star VY CMa can serve as such an example. This is a red supergiant; the star has a record size. It is actually a presupernova and is surrounded by a nebula with a highly asymmetric shape.
All of this necessitates using constraints on the differences being investigated when solving our problems. Such constraints were selected through several iterations to eliminate the largest discrepancies. 
RESULTS

Comparison of the Proper Motions
We use the following coupling equations to determine the three angular velocities of mutual rotation of the two frames around the equatorial coordinate axes ω x , ω y , ω z :
where the Gaia-VLBI differences are on the left-hand sides of the equations. We use the stellar proper motion differences whose absolute values do not exceed 6 mas yr −1 . There are a total of 81 such differences; their distribution is given in Fig. 1 .
As can be seen from the table, the data are unequally accurate. Therefore, we solve the system of conditional equations (2) both with unit weights (p = 1) and with weights inversely proportional to the measurement errors
where the dispersions σ ∆ listed in the corresponding columns of the table are in the denominator (see Eq. (1)).
Having solved the system of 162 conditional equations (2) by the least-squares method with unit weights, we obtained the rotation components where ω x decreased greatly compared to the solution (4); the errors in the parameters being determined also decreased.
Comparison of the Parallaxes
To compare the parallaxes, we use 75 stars selected in such a way that the relative parallax errors from the Gaia DR2 catalogue and the VLBI parallax errors do not exceed 50%. First, we found the mean ∆π = −0.030 ±0.073 (0.404) mas from the Gaia-VLBI parallax differences. The mean was calculated with unit weights, the error of the mean calculated from the formula (x − x) 2 /n(n − 1), is given, and the dispersion σ = (x − x) 2 /n (here the square of the rms deviation) is given in parentheses. Then, we calculated the weighted mean with weights (3) ∆π = −0.038 ± 0.046 (0.156) mas, (6) where the error of the weighted mean is given and the corresponding dispersion is given in parentheses. We see that the errors and dispersions differ greatly. This effect is explained by the fact that we used significantly inhomogeneous data. Very broad distribution wings can be seen already from the distribution of stellar proper motion differences (Fig. 1) , namely (a) a central clump that can be described by a Gaussian with a small dispersion and (b) broad wings that can be described by a Gaussian with a considerably larger dispersion. The effect is more pronounced in the distribution of stellar parallax differences. The histogram of differences for 75 stars is presented in Fig. 2a . This figure shows a Gaussian with an expectation value of −0.30 mas and a dispersion of 0.40 mas that poorly describes the distribution. Two Gaussians with significantly differing dispersions would be better suited for the description of this distribution. However, we did otherwise. To construct the histogram in Fig. 2b , we used 49 stars that were selected under constraints on the error in the differences (see (1) and the table): σ ∆π < 0.25 mas. The parameters of the Gaussian found (an expectation value of −0.35 mas and a dispersion of 0.18 mas) are now in excellent agreement with the result (6). On this basis we conclude that the application of weights (3) gives a result consistent with the available data; this approach allows the entire set of available data to be used.
To determine the scale factor b, we set up a system of conditional linear equations
from the solution of which we can estimate two parameters, a and b. As above, we use 75 stars with relative parallax errors less than 50%. Solving the system of conditional equations (7) by the least-squares method with weights (3) yields the following result:
In Fig. 3 the parallaxes of the radio stars from the Gaia DR2 catalogue are plotted against their VLBI parallaxes. The scales are clearly seen to be virtually identical within about 3 kpc of the Sun, and only at greater distances does the Gaia DR2 parallax scale become longer than the VLBI parallax one. Note the paper by Fedorov et al. (2017) , where it was found from a comparison of the stellar proper motions from the Gaia DR1 catalogue with a number of ground-based catalogues based on the model (2) that the component ω y changes dramatically from +0.5 to −1.5 mas yr −1 with magnitude. In our case (5) this component is small, ω y = 0.03 ± 0.22 mas yr −1 . It has been shown by that the optical reference frame defined by Gaia DR2 is aligned with ICRS and is non-rotating with respect to the quasars to within 0.15 mas yr −1 . Since a large number of stars were used, the random errors of rotational parameters are small, less than 10%. The dependence of ω x , ω y , ω z on magnitude is clearly seen from Fig. 4 of cited publication. For example, for G ≈ 10 m , which is typical for the sample of stars considered in this paper, we will have (ω x , ω y , ω z ) ≈ (0.1, −0.1, −0.15) mas yr −1 . We see good agreement of these values with our estimates (5).
As has already been noted in the Introduction, from a comparison with the Gaia DR2 data for 89 detached eclipsing binaries Stassun and Torres (2018) found a correction ∆π = −0.082 ± 0.033 mas. Here the dispersion of the Gaussian 0.033 mas should be compared with our value of 0.156 mas in the solution (6) . These stars are interesting in that they were selected from published data using very rigorous criteria imposed on the photometric characteristics. As a result, the relative errors in the stellar radii, effective temperatures, and bolometric luminosities (from which the distances are estimated) do not exceed 3%. The spectral types of the stars in this sample lie in a wide range, from late O to M; most of the stars belong to the main sequence and there are also a few giants. According to Stassun and Torres (2016) , the relative parallax errors for eclipsing binaries, on average, do not exceed 5% and do not depend on the distance. Riess et al. (2018) estimated ∆π = −0.046 ± 0.013 mas based on a sample of 50 longperiod Cepheids by comparing their parallaxes with those from the Gaia DR2 catalogue. They used the photometric characteristics of these Cepheids measured onboard the Hubble Space Telescope. Interestingly, relative to the highly accurate calibration scale of Riess et al. (2016) , in which the relative Cepheid distance errors are 1-2%, these authors determined the scale factor b = 1.006 ± 0.033 that differs little from that found by us in the solution (8) .
One might expect that the stellar parallaxes from the Gaia DR1 and DR2 catalogues do not greatly differ systematically. For example, based on a kinematic analysis of stars from the Gaia TGAS catalogue, Bobylev and Bajkova (2018) concluded that the distances to them calculated from their trigonometric parallaxes do not require using any additional correction factor. This conclusion is also confirmed by our study with regard to the stellar parallaxes from the Gaia DR2 catalogue. found ∆π = −0.083 ± 0.002 mas by comparing the distances of ∼3000 giants from the APOKAS-2 catalogue ) with the Gaia DR2 data. The distances to these stars belonging to the red giant clump were calculated from asteroseismology. According to these authors, here the parallax errors are approximately equal to the estimation errors of the stellar radius and are, on average, 1.5%. Such small errors in combination with a huge number of stars allowed ∆π to be determined with a high accuracy.
Young stars from the Gould Belt, the distances to which have been measured by VLBI, constitute a significant fraction of our sample. Using data on 55 such stars (they are all presented in our table as PMS, YSO, and T Tau), found the following parameters based on relation (7): a = −0.073 ± 0.034 mas and b = +0.9947 ± 0.0066. The value of these parameters are in excellent agreement with our estimates (8) .
CONCLUSIONS
Based on published data, we produced a sample of 88 radio stars for which there are both trigonometric parallax measurements in the Gaia DR2 catalogue and VLBI measurements.
A new estimate of the systematic offset between the optical and radio frames of the parallaxes, ∆π = −0.038 ± 0.046 (0.156) mas, was obtained by analyzing the Gaia-VLBI trigonometric parallax differences for the radio stars. If the VLBI parallaxes are assumed to be more accurate, then the correction found should be added to the parallaxes from the Gaia DR2 catalogue. In this case, the distances to the stars calculated from the corrected Gaia DR2 parallaxes slightly decrease, i.e., the stars will become closer to the Sun.
The scale factor b, whose value differs from 1 by no more than 1%, is determined with confidence. Such a situation is observed within 3 kpc of the Sun, and only at greater distances is the Gaia DR2 parallax scale slightly extended compared to the VLBI parallax one.
Based on the model of solid-body mutual rotation, we determined the rotation vector components in equatorial coordinates from the Gaia-VLBI proper motion differences for radio stars, (ω x , ω y , ω z ) = (−0.14, 0.03, −0.33) ± (0.15, 0.22, 0.16) mas yr −1 .
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